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Abstract 

Reflection and braid equations for rank two g-tensors are derived 
from the covariance properties of quantum vectors by using the R- 
matrix formalism. 



1 Introduction 

Quantum groups may be looked at in various ways. From a mathematical 
point of view, they may be introduced by making emphasis on their g-deformed 
enveloping algebra aspects fl], 0] or by making emphasis in the i?-matrix for- 
malism that describe the deformed group algebra ||^. A point of view which 
is particularly useful in possible physical applications is to look at quantum 
groups as symmetries of quantum spaces |^ . The simplest example of this 
approach is constituted by the well known quantum plane C|, or associative 
algebra (a g-plane is not a manifold) generated by two elements (x, y) = X [a. 
g-two-vector) subjected to the commutation property |^ 

xy = qyx . (1) 



^On leave of absence from the St. Petersburg's Branch of the Steklov Mathematical In- 
stitute of the Russian Academy of Sciences. 

*Lecture delivered (by J. A.) at the 3rd Colloquium 'Quantum groups and Physics', 
Prague, June 1994. To appear in the proceedings (Czechoslovak J. Phys.). 
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The commutation relation (|l|) can also be expressed by using the g-symplectic 
metric 



by the equation 





X*e^X = , eljXiXj = (3) 



which reflects that the g-symplectic norm of a g-two-vector vanishes. 

It is also possible to introduce a pair of (odd) variables r]) = fl (an odd 
g-two-vector) satisfying 

CV = --VC , e = = v' ■ (4) 

q 

If it is required that, after the transformations X' = TX, Q' = TQ the new 
entities {x',y'), {^',1]') satisfy also (|l|), @, it is found that the commutation 
properties of the elements of T 



r= r " (5) 




are completely determined. These are the well known relations (the entries of 
T commute with those of X and Q) 

ah = qba , ac = qca , bd = qdb , , . 

cd = qdc , [a, d] = Xcb , [6, c] = , 

(A = g — q^^) which constitute a presentation of the GLq(2,C) algebra gen- 
erated by {a,b,c,d). For q=l, {x,y) commute and {^,ri) anticommute. In a 
non-commutative differential calculus this second set of variables are identified 
with the differentials (1^) of {x, y). Here we shall consider the quantum plane 
(0) only as the representation (co-module) space of the GLq{2,C) quantum 
group (|^). In terms of the i?-matrix formalism eqs. (|I]) and (^) may be 
written as (see eq. ([TI|) below) 

i?12XiX2 = qX2Xi '^==^ i?2/^1^2 = Q ^^2^1 ; (7) 

R12T1T2 = T2T1R12 <^=^ R21T1T2 = T2T1R2I , (8) 

where the standard notation Ti = T®! , T2 = 1(^T (Tuj^ki = Ti^Sji , T2ij^ki = 
6ikTji, i,j,k,l = 1,2) has been used, and X1X2 and X2X1 are, respectively, 
the four- vectors (xx, xy, yx, yy) and {xx, yx, xy, yy). Both relations in (|^) (and 
in (H)) are equivalent. This is easy to see by using the permutation operator 
V which gives iVRV)ij,H = R,r,ik {VR12V = R21) and (PXiXs)^, = (XiXa),^ 
i. e., VX1X2 = X2X1. In this matrix notation it is obvious that (|]) is consistent 
with the requirement of invariance of (0) under the transformation X' = TX, 



2 



Ri2X[X2 = gXgX^. Since the elements of X commute with the entries of T, 
we obtain 

Rl2X[X'2 = Ri2{TiXi)(T2X2) = R12T1T2X1X2 

(9) 

= T2T1R12X1X2 = qT2TiX2Xi = qX2X^ 

using (H), and the invariance of follows: the preservation of (|^) under the 
'g-symmetry' transformation requires (H). In components, reads 



Rij,ki-^kXi — qXjXi , 
where R12 and V {R = VR, Rij^ki = R 



R 



Rij,kiXkXi — qXiXj 
^ji^ki) are given by 



(10) 
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(11) 



Although the indices in all previous expressions take the values 1,2, the 
i?-matrix form of the basic expressions and (P) makes it clear how to 
generalize them to GLg{n,C)] all that is needed is the appropriate x 
i?-matrix, which is given by [H] 



Rij,ki = SikSjiil + Sij{q - 1)) + X6ii6jk6{i - 3) 
0{i-3)- 



l...n 



(12) 



i<3 

1 i> 3 



With it, the relations defining the 'quantum hyperplane 
X ( , . . . , Xri. ) , XiX ^ qx jXi [x ^ 3 } ^ ^ 3 



{xi,...,Xn) , XiXj = qXjXi {i < 3) i,j = l...n (13) 

are again expressed by (|^ and preserved under GLg{n,C) because of (||). 

All this is, of course, well known. In this report we exhibit how to extend 
these g- vector constructions to higher rank quantum tensors (see also 0]). 
In particular, we shall consider the simplest example of g-twistors constructed 
from g-two- vectors (spinors) (|I|), (^, (|^) and the application to g-Minkowski 
space algebras M. 



2 Other covariant objects. Quantum twistors 

Consider two isomorphic objects X and Z, and their hermitian conjugates X"^ 
and Z\ transforming under the coaction of two different quantum groups T 
and T"^ by 

X' = TX , X't=XtTt , 

Z' = TZ , Z'^ = Z^T^ , ^ ' 

For instance, in the classical SL{2, C) case there are two fundamental repre- 
sentations, D2'^ and D^'a, realized by complex unimodular matrices A and 
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{A^^y . In the quantum case this corresponds to taking two copies T and T of 
SLq{2, C), with the obvious 'reahty' condition added, = In the g-case 
one has to add the commutation relations between elements of T and T^'. 

The commutation relations in the general situation involve four i?-matrices 
/2«,^ = 1,...,4, 

RWT1T2 = T2Tii?(i) , 

tIr^^'>T2 = T2R^^^tI , 

(15) 

R{i)TlTl = tItIr^^'^ . 

The consistency of these equations requires i?*^^-* = VR^^^V = i?*^^^^ and i?*^^^ = 
i?,(^)t or = -ip)t. Notice that R^^^ and are the /^-matrices of 

two quantum groups T and related by a *-operation (and that R^^\ e.g., 
may be taken as R12 or R^i)- In contrast, i?'-^-* (and hence i?'-^^) is a matrix 
defining how the elements of both quantum groups commute and accordingly 
it is not a priori fixed. In general, one could introduce instead of another 
matrix S\ the g-matrices S and T need not even have the same dimension. If, 
say, T and S are nxn and mxm matrices, and T2 in the second equation 
of (0) would be S\ = {S^ ® 1„) and T2 = (1^ ® T) and i?^^) would be an 
(m X n) X (m X n) matrix. Similarly, in the third equation Sl = (In ® 5'"'^), 
Ti = (T (g) Im) and i?'-'^^ would be an (n x m) x (n x m) matrix, while R^^^ 
would be an x matrix. 

The form of the eqs. ([ISD is the result of the equations which express the 
commutation relations among the components of the vectors X, Z. Since in 
principle T and do not commute, we have to allow for possibly non-trivial 
commutation relations among the components of X and Z^. Thus, the set of 
commutation relations left invariant is given by 

ZlR(^^X2=X2Zl , 



ZlR^^^Xi = XiZ. 



t 

2 ) 



(16) 



K2Zlzl = ZlzlR^""^ , 

where ki and K2 are appropriate eigenvalues of the /^-matrices. The invariance 
of the first and last equations is proven as in Sec.l and the others similarly. 
For instance, for the second equation we check that 

Z[^R^^^X2 = {Z\tI)R^^\T2X2) = Z\T2R^^^tIX2 
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= T^zIr^''^ X2TI = T2X2ZITI = X'2Z!^ (17) 

using the second equations in (|15D and (p!6D , respectively, in the second and 
fourth equalities. In particular, if R^'^'' = I = R^^\ both quantum groups are 
independent (commuting), and this is reflected in the fact that the components 
of X and commute. 

Let us use the above construction to introduce another covariant object 
which generalizes (with some restrictions) the concept of twistor to the q- 
deformed case. Let X and Z"^ satisfy the previous set of commutation relations. 
In particular, X and 2"^ may be, for instance, g-two- vectors (g-spinors), of 
SLq{2,C)] this case will be analyzed in more detail below. Tensoring two 
g-vectors we introduce the object 

K = XZ^ {K,,=X,Z]) . (18) 

Then, the transformation of K induced by (|1^ is 

: K^K' = TKT^ {K[^ = T.mK^nT^^) . (19) 

The entries of K are, of course, non-commuting. We shall see that these com- 
mutation relations can be expressed in a closed, elegant and compact equation 
which permits to extract the algebra generated by the entries of K without 
considering its explicit realization in terms of the components of X and ZK 
Using the above relations we may now derive the equation describing the 
commutation relations which define the algebra generated by the entries of 
K. With K, = X,Zl {K,,,^ki = iK0 l),,-fc, = X,Zl6,i) and K2 = X2ZI 
{K2 ijM = (1 ® K)ij^ki = SikXjZj), we find using (|l|) that 



R^'^K^R^^^K2 = i?(i)Xi4i?(2)x24 = i?(i)XiX244 

= (/€i/K2)X2Xi44i?(4) = {k,/k2)X2zIr('^x,zIr(^^ . ^ ' 

Hence, the commuting properties of the quantum twistor are given by 

R^^^K,R^^^K2 = {ki/k2)K2R^''^KiR^'^^ (21) 

Eq. (^) is (with K1/K2 = 1) nothing else than the reflection equation with 
no spectral parameter dependence (see |^ and references therein and in 
the context of braided algebras) which follows by imposing the invariance of 
the commuting properties of the entries of K by the coaction ([l9|) . As shown 
here, eq. (|2T| ) also follows from interpreting K as an object made out of two 
g-'vectors', in general not necessarily of the same dimension so that in general 
K is not a squared matrix. 

Let X, Z he two g-two- vectors (spinors). Then, K = XX'^ is a (null) quan- 
tum twistor. as we shall see, its quantum determinant {detqK) is necessarily 
zero (as it is as well for XZ'''). In contrast, the g-twistor K = XZ^ + ZX"^ has 
detgK ^ 0. 



5 



Notice that, in general, there are four possibihties to write (^) (obviously, 
related in between) since there are two possibilities for R^^^ and for R^'^^ in ( pTSD 
and in (|^) (see (|^) and (||)). However, this freedom is reduced when covari- 
ant objects K constructed out of four vectors are considered since covariance 
requires to introduce commutation relations between Z and X and between 

and using R^^^ and R^^\ Let us consider the hermitian matrix 

K = XZ^ + ZX^ (22) 

{Z and X have the same number of components). To compute the commuta- 
tion properties of K, the complete set of relations among X, Z, X"^ and Z'^ 
are required. Thus, besides (|IB]), we need to introduce the following set of 
covariant relations 

R^^^XiZ2 = Z2X1 , 

= Z2ZI , 

(23) 

XlR(^^X^=X^Xl , 



xM = zlxlR^^) , 

the structure of which is again dictated from (|T^) by covariance. From the 
first and the last eqs. in ( p3D we obtain (supposing i?^^) real) 

^(4) _ ^j^Wy ^24) 

which implies that the eigenvalues are equal, ni = H2- Then, the commutation 
relation for the entries of K (in matrix form) are easily computed using (|TBp 
and (|2|) 

i?(i)irii?(2)K2 = (Xi4 + ZiX|)i?(2) + Z2XI) 

= {X2ZI + Z2X|)i?(3) + ZiX|)i?W (25) 

= K2R^^^K^R^^^ 

where R^^^ = i?^^)* = VR^^^V and R^^^ = VR^^^V and Hecke's condition for 
the i?-matrix has been used. Now, we have only one reflection equation for K, 
since the two possibilities for R^^^ produce two equations which are identical 
after a similarity transformation with V. 



Notice that K in (^2]) is constructed from two parts, each one of them 



satisfying the same algebra relations (pSl): 

K = K(^) + , K^^^ = XZ^ , _ . (26) 

These two pieces have specific commutation properties among themselves. 
Indeed, the (mixed) commutation relations ( p3D lead to the following non- 
commuting property between the matrices K^^^ and K^"^^ (non-symmetric un- 
der the interchange of K^^^ and K^'^^) 
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Here i?^^-* = R^^^ * and the two possibilities for R^^^ produce two different 
equations for K^^^ and K^'^'> which transform into each other by exchanging 
(1)^(2) in K'-'l Both had to be possible since K = K^^^ + K^'^^ is symmetric 
under this exchange. Equation p7|), here obtained from the commutation 
relations (p3D , is known as 'braiding equation' 0. The commutation properties 
among the elements of K^^^ and K^'^^ are such that the sum of two objects 
satisfying ( pS]) verifies also the same relation. Within this terminology, the 
'mixed' eqs. ( P3| ) are the braiding relations for g-vectors. 

From now on, we shall restrict ourselves to the two-dimensional case which 
will be useful in the application to Minkowski space We shall start by 
discussing the 



g-determinant of K: 



Let the quantum group matrices T and T"'' be 2x2 matrices. There exists 
an invariant quadratic element from K, the g-determinant of K. It is defined 
by § 

detgK P_ = P_KiR^^^KiP_ (28) 

where i?*-^-* = VR^^^ and P_ is the g-antisymmetrizer of the i?-matrix corre- 
sponding to the quantum groups T and T'^ . The g-determinant of T and 
are given by 

detqT P^ = P^TiT2 , detgT^ P. = T^tIp_ (29) 
and the projector P_ can be expressed in terms of the g-epsilon tensor (Q) 



ij,kl 



[2] 





q-^ 

-1 






-1 
g 




(30) 



When {detqT){detqT^) = 1, detqK is invariant under the coaction ([T9|) . Using 
the third eq. in (|T5|) and (p9D 



detg{TKT^) = P_{TiKiTl)R^^\TiKiTl)P_ 
= P_TiT2KiR}~^'^KiTItIp_ 
= (detgT) (detqK) (detqT^) . 



(31) 



Thus, if {detqT){detqT'^) = 1 we obtain that detq{TKT'^) = detqK. The 
centrality of detqK requires some YBE-like conditions on the R^'^ {i = 1, 2, 3, 4) 
matrices in (^I]) . 

>(3) _ d(3) 



Using the definition (psD and the _R-matrix property -R^f, — ^bacd^ '^^ 
compute explicitly the g-determinant of K in the following realizations 
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1. for the matrix K = XZ"^ (and hence for the g-twistor K = XX^) 



^ (3) 

^ '^ij'^ab^a^ c-^bc,mn^m^p^pn^kl ('32) 

— c"? ,<? -v- -v^ 7t ^t^g ^ ' 

— ^ij^ab^a^b^n^p^pn^kl 

= eUX^e^X){Z^e'^Zyel, = 

since (X*e''X) = = (Z*e^Z). This reflects the well-known fact in non de- 
formed twistor theory that twistors constructed out of two spinors determine 
null length vectors; 

2. for the g-twistor K = XZ'^ + ZX\ a similar calculus to the previous one 
gives 



pn^kl 



eU{X'e^Z){X'e'^Zy + {Z'e^X){Z'e'^Xy]el, ^ 



(33) 



then, to get twistors with non-null g-determinant we need four spinors in the 
definition of K (notice that X, X\ Z and Z'^ are algebraically independent 
objects). If the scalar products {X^e'^Z) and {Z^e'^X) are central elements in 
the algebra generated by X, Z, X^ and Z'^ the g-determinant of K is also 
central. 



3 An application: g-Minkowski space 

The classical construction of a Minkowski vector uses two (dotted and undot- 
ted) spinors, 

K.p = i.ip = {cr,x^)^p a J =1,2 , (34) 

and K'^^ = A„ .'^K^^iA-^Y , where A and i = {A'^Y are the two fundamen- 
tal representations of SL{2, C). A g-deformation of the Lorentz group may be 
obtained |T^-[|1^ by replacing A and A by two copies T and T of SLg{2, C). 
Applying the pattern described above we now have two pairs of g-spinors 

X ^X' = TX Z ^ Z' = TZ , (35) 

X^ X'^ = X^f-^ Z^ Z'^ = Z^f~^ , (36) 

obviously, the reality condition T''^ = must be considered to have that 
(X)''" = X''", from which we may construct the following hermitian objects 
(g-twistors) 

K = XX^ or K = XZ^ + ZX^ , (37) 
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and find their transformation properties. Wlien tlie reality condition = T ^ 
is imposed, tfie coaction 

K' = TKf-^ = TKT^ (38) 

preserves tlie liermiticity property of K. Since, by assumption, T and T are 
SLg{2,C) matrices, i.e., 

R12T1T2 = T2T1R12 , -R12T1T2 = T2T1R12 , (39) 
the first and last equations of ( |T5| ) are fulfilled if 

rW = i?i2 or R21 {ki = q ot g~^) , , - 

rW = i?2i or Rii {k2 = q-^ or q) . ^ ' 

Then, the basic relations which define the non-commutative algebra generated 
by the entries of K are given by eq. (^1]), which gives the following possibilities 



RuKiR^^^K2 = K2R^^^K,R2i . (41) 

Ri2KiR^^^K2 = q^K2R^^^KiR^i . (42) 
As we have already discussed the second possibility (H^) is not valid for the 



twistor with four spinors (second expression in (|37|) ) since it does not corre- 
spond to R^^^ = i?*^^)*. However, it is easy to check that the algebra generated 
by the entries of K satisfying eq. (|4^) coincides with the algebra determined 
by (^if) with the additional condition detgK = 0. To see it, the following 
consequences of the eigenvalue decomposition oi R {R = VR = qP+ — q^^P-) 
are useful 

P.R = RP^ = -q-^P^ , P^R-^ = R-^P^ = -qP^ , (43) 
q'^R-^ =R-{q^- q-^)P. . (44) 



Multiplying now eq. (|4^) by P_V from the left and by VP- from the right 
and using (E3|) we get 



- q-^P-KiR^'^^K2VP- = -q^P-VK2R^^^KiP_ (45) 

as R^^ = VR^^, ^ pj^mp and = VK2V 

{q^ - q-^)P_KiR^^^KiP_ = . (46) 

Thus, (if ^ 1) we obtain that detgKP. = P.KiR^^^KiP. = 0. 

Now , using (1^) the RE (^2]) can be expressed in the following way 

Ri2KiR^^'^K2 = K2R^^^K^R2i - (g' - q-')P-K2R^^^ K,P_V (47) 

and using the definition of the g-determinant 

RuK,R^^^K2 = K2R^^^KiR2i - (g' - q-^)V{detgK)P-V (48) 
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as detqK = 0, we just obtained eq. (|44D ; thus, as the algebra is the same eq. 
(^) may be discarded. 
The matrices i?(2)^^(3) 

are not determined, and characterize the mixed 
commutation relations between quantum group elements and conjugated ele- 
ments in ([T6|) , (|23| ) and 



f-ij^{2)rp^ = T2i?(^)ff ^ , TiR'^^^f^^ = f^^R'^^^Ti . (49) 
Two particularly special cases arise 

a) Commuting case: if the two quantum group copies are independent, the 
quantum matrices commute 

T,f2=f2T, , (50) 
here, R^'^^ = R^^^ = I, and then, eq. (HTI) gives the reflection equation, which 



is equivalent to the 'RTT^ relation ([18]) (see below) 



Ri2K,K2 = K2K1R21 (51) 

Eq. (^2|) , in this particular case, produces the RE 

R,2K,K2 = q'K2K^Rii , (52) 

however, as we have just shown, this possibility leads to the same commutation 
relations ( ^l|) for the entries of K plus the additional condition detqK = [^. 
The g-Minkowski algebra (|51|) is isomorphic to the quantum group algebra 
GL,(2), by i 

T = Ka' , RuTiT2 = T2TiR,2 , (53) 

where is the usual Pauli matrix. Then, it is not possible to deflne a linear 
central element in the algebra generated by the entries {a, f3, 7, 6) of matrix K, 
and the quadratic one is given by the g-determinant (^8]) with R^^^ = VR^^^ = 
V 

detqKP_ = P_KiVKiP_ = {-q-^){a6 - q-fP)P- . (54) 

b) Non-commuting case: now, assuming the non-trivial commutation re- 
lations between the two copies of SLq(2, C) 

Ri2Tif2 = f2T,R,2 (55) 

we see that (H) is fulfllled for = ^^i. Then, eq. (|4|) leads to the RE 

R12K1R21K2 = K2R12K1R21 (56) 

Again, ( ^2[ ) produces an equation 

R12K1R21K2 = q^K2Ri2KiR^^ (57) 
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which leads to the same commutation relations as (jS^) with the restriction 
detqK = 0. 



These equations define the quantum Minkowski algebra of [p!0|]- [p^ 



m 



which the linear central term is identified with the time coordinate and the 
g-determinant, defined by (pSD where R^^^ = R 

detqK = P^KiRKiP^ = {-q-^){a6 - q'^f3-f)P- , (58) 

gives the quadratic central element which is identified with the invariant q- 
Minkowski length. 

Having a g- vector X i-h- TX and a g- matrix K TKT"^ , it is natural to 
construct higher rank tensors transforming as 

^, Li — .T^^LiT^f" ; (59) 

they are invariant subspaces of the g-Minkowski algebra for the coaction ip. 
The generators of the g-tensors L may be extracted from matrices of higher 
dimensions, e.g. 

l2 ^ j^®,2 ^ K1R21K2 I — > TiT2K^^'^tItI , 

K^^^ = K1R21K2R31R32K3 , (60) 

L- ~ ir^." = K, u]=2iRnRj2-Rj,-iK,) . 

These subspaces (as in the non-deformed theory) are reducible (for instance, 
j^®q2 j^g^g (Iqi^}<[ invariant element). One can apply to T®^ = T1T2 

the appropriate projector P^^^ to the spin 1 representation (and the same for 
(T''')®^) to get a tensor of generators transforming according D^'^ irrep of the 
g-Lorentz group. Quantum tensors transforming according D-^'* irreps could 
be constructed in the same manner. We find additional i?-matrix factors in 
the tensor products of K (^) (cf. (pBD). This construction is useful for a 



description of higher spin g-wave equations (see also [13]) 
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